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.l/.m/, where ˛ˇ D 22, 44, 52, is evaluated for all natural numbers
n. Modular forms are used to achieve these evaluations. Since the modular space of level 22 is contained in that of
level 44, we almost completely use the basis elements of the modular space of level 44 to carry out the evaluation
of the convolution sums for ˛ˇ D 22. We then use these convolution sums to determine formulae for the number of

















where .a; b/ D .1; 11/; .1; 13/.
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1 Introduction
Let in the sequel N, N0, Z, Q, R and C denote the sets of positive integers, non-negative integers, integers, rational
numbers, real numbers and complex numbers, respectively.





We write .n/ as a synonym for 1.n/. For m … N we set k.m/ D 0.






We write Wˇ.n/ as a synonym for W.1;ˇ/.n/. Given ˛; ˇ 2 N, if for all .l; m/ 2 N20 it holds that ˛ l C ˇm ¤ n
then we set W.˛;ˇ/.n/ D 0.
For those convolution sums W.˛;ˇ/.n/ that have so far been evaluated, the levels ˛ˇ are given in Table 1.
We discuss the evaluation of the convolution sums of level ˛ˇ D 22; 44 and ˛ˇ D 52, i.e., .˛; ˇ/ D .1; 22/,
.2; 11/, .1; 44/, .4; 11/, .1; 52/, .4; 13/. Convolution sums of these levels have not been evaluated yet as one can
notice from Table 1.
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Table 1. Known convolution sumsW.˛;ˇ/.n/
Level ˛ˇ Authors References
1 M. Besge, J. W. L. Glaisher, S. Ramanujan [1–3]
2, 3, 4 J. G. Huard & Z. M. Ou
& B. K. Spearman & K. S. Williams [4]
5, 7 M. Lemire & K. S. Williams,
S. Cooper & P. C. Toh [5, 6]
6 S. Alaca & K. S. Williams [7]
8, 9 K. S. Williams [8, 9]
10, 11, 13, 14 E. Royer [10]
12, 16, 18, 24 A. Alaca & S. Alaca & K. S. Williams [11–14]
15 B. Ramakrishman & B. Sahu [15]
20, 10 S. Cooper & D. Ye [16]
23 H. H. Chan & S. Cooper [17]
25 E. X. W. Xia & X. L. Tian & O. X. M. Yao [18]
27, 32 S. Alaca & Y. Kesicio Lglu [19]
36 D. Ye [20]
14, 26, 28, 30 E. Ntienjem [21]
As an application, convolution sums are used to determine explicit formulae for the number of representations of a
positive integer n by the octonary quadratic forms
a .x21 C x22 C x23 C x24/C b .x25 C x26 C x27 C x28/; (3)
and
c .x21 C x1x2 C x22 C x23 C x3x4 C x24/C d .x25 C x5x6 C x26 C x27 C x7x8 C x28/; (4)
respectively, where a; b; c; d 2 N.
So far known explicit formulae for the number of representations of n by the octonary form Equation 3 are
referenced in Table 2.
Table 2. Known representations of n by the form Equation 3
.a;b/ Authors References
(1,2) K. S. Williams [8]
(1,4) A. Alaca & S. Alaca & K. S. Williams [12]
(1,5) S. Cooper & D. Ye [16]
(1,6) B. Ramakrishman & B. Sahu [15]
(1,8) S. Alaca & Y. Kesicio Lglu [19]
(1,7) E. Ntienjem [21]
We determine formulae for the number of representations of a positive integer n by the octonary quadratic form
Equation 3 for which .a; b/ D .1; 11/; .1; 13/. These formulae for the number of representations are also new
according to Table 2.
This paper is organized in the following way. In Section 2 we discuss modular forms, briefly define eta functions
and convolution sums, and prove the generalization of the extraction of the convolution sum. Our main results on
the evaluation of the convolution sums are discussed in Section 3. The determination of formulae for the number of
representations of a positive integer n is discussed in Section 4.
Software for symbolic scientific computation is used to obtain the results of this paper. This software comprises
the open source software packages GiNaC, Maxima, REDUCE, SAGE and the commercial software package
MAPLE.
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2 Modular forms and convolution sums




such that a; b; c; d 2 R and ad  bc D 1 hold. Let furthermore  D SL2.Z/ be the full modular group which
is a subgroup of SL2.R/. Let N 2 N. Then
.N/ D ˚   a b
c d
 2 SL2.Z/ j   a bc d     1 00 1  .mod N/ 	
is a subgroup of G and is called the principal congruence subgroup of level N. A subgroup H of G is called a
congruence subgroup of level N if it contains .N/.





 2 SL2.Z/ j c  0 .mod N/ 	:
Let k;N 2 N and let  0   be a congruence subgroup of level N 2 N. Let k 2 Z;  2 SL2.Z/ and f W
H [ Q [ f1g ! C [ f1g. We denote by f Œk the function whose value at z is .cz C d/ kf ..z//, i.e.,
f Œk .z/ D .cz C d/ kf ..z//. The following definition is based on the textbook by N. Koblitz [22, p. 108].
Definition 2.1. Let N 2 N, k 2 Z, f be a meromorphic function on H and  0   a congruence subgroup of
level N .
(a) f is called a modular function of weight k for  0 if
(a1) for all  2  0 it holds that f Œk D f .




N , wherein an ¤ 0 for finitely
many n 2 Z such that n < 0.
(b) f is called a modular form of weight k for  0 if
(b1) f is a modular function of weight k for  0,
(b2) f is holomorphic on H,
(b3) for all ı 2  and for all n 2 Z such that n < 0 it holds that an D 0.
(c) f is called a cusp form of weight k for  0 if
(c1) f is a modular form of weight k for  0,
(c2) for all ı 2  it holds that a0 D 0.
For k;N 2 N, let Mk.0.N // be the space of modular forms of weight k for 0.N /, Sk.0.N // be the subspace
of cusp forms of weight k for 0.N /, and Ek.0.N // be the subspace of Eisenstein forms of weight k for 0.N /.
Then the decomposition of the space of modular forms as a direct sum of the space generated by the Eisenstein
series and the space of cusp forms, i.e.,Mk.0.N // D Ek.0.N //˚Sk.0.N //, is well-known; see for example
W. A. Stein’s book (online version) [23, p. 81].
As noted in Section 5.3 of W. A. Stein’s book [23, p. 86] if the primitive Dirichlet characters are trivial and
2  k is even, then Ek.q/ D 1   2kBk
1P
nD1
k 1.n/ qn, where Bk are the Bernoulli numbers.
For the purpose of this paper we only consider trivial Dirichlet characters and 2  k even. Theorems 5.8 and
5.9 in Section 5.3 of [23, p. 86] also hold for this special case.
2.1 Eta functions
The Dedekind eta function, .z/, is defined on the upper half-plane H by .z/ D e 2iz24
1Q
nD1
.1   e2inz/. We set
q D e2iz . Then .z/ D q 124
1Q
nD1




M. Newman [24, 25] systematically used the Dedekind eta function to construct modular forms for 0.N /.
M. Newman determined when a function f .z/ is a modular form for 0.N / by providing conditions (i)-(iv) in the
following theorem. G. Ligozat [26] determined the order of vanishing of an eta function at the cusps of 0.N /,
which is condition (v) or (v0) in Theorem 2.2.
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The following theorem is proved in L. J. P. Kilford’s book [27, p. 99] and G. Köhler’s book [28, p. 37]; we will
apply that theorem to determine eta quotients, f .z/, which belong toMk.0.N //, and especially those eta quotients
which are in Sk.0.N //.
Theorem 2.2 (M. Newman and G. Ligozat ). Let N 2 N, D.N/ be the set of all positive divisors of N , ı 2 D.N/
and rı 2 Z. Let furthermore f .z/ D
Q
ı2D.N/


















rı  0 .mod 4/









Moreover, the -quotient f .z/ belongs to Sk.0.N // if (v) is replaced by






Recall that given ˛; ˇ 2 N such that ˛  ˇ, the convolution sum is defined by Equation 2.
As observed by A. Alaca et al. [11], we can assume that gcd.˛; ˇ/ D 1. Let q 2 C be such that jqj < 1. Then
the Eisenstein series L.q/ and M.q/ are defined as follows:









The following two relevant results are essential for the sequel of this work and are a generalization of the extraction
of the convolution sum using Eisenstein forms of weight 4 for all pairs .˛; ˇ/ 2 N2. Their proofs are given by
E. Ntienjem [21].
Lemma 2.3. Let ˛; ˇ 2 N. Then
.˛ L.q˛/   ˇ L.qˇ//2 2M4.0.˛ˇ//:
Theorem 2.4. Let ˛; ˇ 2 N be such that ˛ and ˇ are relatively prime and ˛ < ˇ. Then







/C 240 ˇ2 3. n
ˇ
/
C 48 ˛ .ˇ   6n/ . n
˛
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3 Evaluation of the convolution sumsW.˛;ˇ/.n/, where
˛ˇ D 22; 44; 52
In this section, we give explicit formulae for the convolution sumsW.1;22/.n/,W.2;11/.n/,W.1;44/.n/,W.4;11/.n/,
W.1;52/.n/ and W.4;13/.n/.
3.1 Bases for E4.0.˛ˇ// andS4.0.˛ˇ// with ˛ˇ D 44; 52
We observe the following inclusion relations
M4.0.11// M4.0.22// M4.0.44// (8)
M4.0.13// M4.0.26// M4.0.52//: (9)
Therefore, it suffices to correspondingly determine the basis of the spaces M4.0.44// and M4.0.52//, respec-
tively.
We use the dimension formulae for the space of Eisenstein forms and the space of cusp forms in T. Miyake’s
book [29, Thrm 2.5.2, p. 60] or W. A. Stein’s book [23, Prop. 6.1, p. 91] to deduce that dim.E4.0.44/// D
dim.E4.0.52/// D 6, dim.S4.0.44// D 15 and dim.S4.0.52// D 18.
Let D.44/ D f1; 2; 4; 11; 22; 44g and D.52/ D f1; 2; 4; 13; 26; 52g be the sets of all positive divisors of 44 and
52, respectively.
Theorem 3.1.
(a) The sets BE;44 D fM.qt / j t 2 D.44/ g and BE;52 D fM.qt / j t 2 D.52/ g are bases of E4.0.44// and
E4.0.52//, respectively.
(b) Let 1  i  15 and 1  j  18 be positive integers.
Let ı1 2 D.44/ and .r.i; ı1//i;ı1 be the Table 3 of the powers of .ı1z/.
Let ı2 2 D.52/ and .r.j; ı2//j;ı2 be the Table 4 of the powers of .ı2z/.
Let furthermore Ai .q/ D
Q
ı12D.44/
r.i;ı1/.ı1z/ and Bj .q/ D
Q
ı22D.52/
r.j;ı2/.ı2z/ be selected elements of
S4.0.44// and S4.0.52//, respectively.
Then the setsBS;44 D fAi .q/ j 1  i  15 g andBS;52 D fBj .q/ j 1  j  18 g are bases ofS4.0.44//
and S4.0.52//, repectively.
(c) The sets BM;44 D BE;44 [ BS;44 and BM;52 D BE;52 [ BS;52 constitute bases of M4.0.44// and
M4.0.52//, respectively.




n and Bj .q/ be





Proof. We give the proof for the case ˛ˇ D 44. The case ˛ˇ D 52 is proved similarly.
(a) By Theorem 5.8 in Section 5.3 of W. A. Stein [23, p. 86] M.qt / is in M4.0.t// for each t which is an element
of D.44/. Since E4.0.44// has a finite dimension, it suffices to show that M.qt / with t 2 D.44/ are linearly
independent. Suppose that xt 2 C with t 2 D.44/. We prove this by induction on the elements of the set D.44/
which is assumed to be ascendantly ordered.
The case t D 1 2 D.44/ is obvious since comparing the coefficients of qt on both sides of the equation
xt M.q
t / D 0 clearly gives xt D 0.
Suppose now that the cardinality of the set D.44/ is greater than 1 and that M.qt / are linearly independent for
all t j44 and t  t1 for a given t1 with 1 < t1 < 44. Let C be the proper non-empty subset of D.44/ which contains
all positive divisors of 44 less than or equal to t1. Note that all positive divisors of t1 constitute a subset of C . Let
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us consider the non-empty subset C [ ft 0g of D.44/, wherein t 0 is the next ascendant element of D.44/ which is







t /C xt 0M.qt 0/ D 0:
By the induction hypothesis it holds that xt D 0 for all t 2 C . So, we obtain from the above equation that xt 0 D 0
when we compare the coefficient of qt
0
on both sides of the equation.
Hence, the solution is xt D 0 for all t such that t is a positive divisor of 44. Therefore, the set BE;44 is linearly
independent. Hence, the set BE;44 is a basis of E4.0.44//.
(b) The Ai .q/ with 1  i  15 are obtained from an exhaustive search using Theorem 2.2 .i/   .v0/. Hence, each
Ai .q/ is an element of the space S4.0.44//.
Since the dimension of S4.0.44// is 15, it suffices to show that the set fAi .q/ j 1  i  15g is linearly
independent. Suppose that xi 2 C and
15P
iD1
xi Ai .q/ D 0. Then
15X
iD1






xi ai .n/ /q
n D 0
which gives the following homogeneous system of linear equations
15X
iD1
ai .n/ xi D 0; 1  n  15: (10)
A simple computation using software for symbolic scientific computation shows that the determinant of the matrix
of this homogeneous system of linear equations is non-zero. So, xi D 0 for all 1  i  15. Hence, the set
fAi .q/ j 1  i  15 g is linearly independent and therefore a basis of S4.0.44//.
(c) Since M4.0.44// D E4.0.44//˚S4.0.44//, the result follows from (a) and (b).
According to Equation 8 the basis elementsAi .q/, where 1  i  5, are contained inS4.0.22//. The basis element
A2.q/ is the only element of the spaceS4.0.11// that we are able to generate with the help of Theorem 2.2. Even
though the basis element A14.q/ looks like an element of S4.0.22//, it cannot be generated at level 22 using
Theorem 2.2.
















Due to Equation 9 the basis elements Bj .q/, where 1  j  7 and j D 15; 17, belong to S4.0.26//. We are
unable to generate any elements of the space S4.0.13// using Theorem 2.2. We note that B2j .q/ D Bj .q2/,
where 4  j  7, B16.q/ D B15.q2/ and B18.q/ D B17.q2/. Therefore, one can easily replicate the evaluation of
the convolution sums W.1;26/.n/ and W.2;13/.n/ shown by E. Ntienjem [21].
3.2 Evaluation ofW.˛;ˇ/.n/ where ˛ˇ D 22; 44; 52
Lemma 3.2. We have
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a5.n/C 22176 a06.n/C 864 a07.n/

qn; (11)

































a5.n/   22176 a06.n/   864 a07.n/

qn; (12)






























































































































































































C 7488 b9.n/C 329100929664
147917
b10.n/C 27456 b11.n/
Brought to you by | Carleton University OCUL
Authenticated
Download Date | 7/5/17 9:39 PM
Evaluation of the convolution sum involving the sum of divisors function for 22, 44 and 52 453
  15249288510144
6064597



































































  7488 b9.n/C 151016538432
147917
b10.n/   27456 b11.n/
  8224832431680
6064597















Proof. We just prove the case .4L.q4/   11L.q11//2. The other cases are proved similarly.
It follows from Lemma 2.3 that .4L.q4/  11L.q11//2 2M4.0.44//. Hence, by Theorem 3.1 (c), there exist
Xı; Yj 2 C; 1  j  15 and ı 2 D.44/, such that


















































/C 29040 3. n
11
/
C192 .11   6 n/ .n
4





We now take the coefficients of qn for which n is in
f 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13; 14; 15; 16; 17; 18; 20; 22; 44 g:
This results in a system of linear equations whose unique solution determines the values of the unknown Xı for all
ı 2 D.44/ and the values of the unkown Yj for all 1  j  15. Hence, we obtain the stated result.
Our main result of this section is as follows.
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Proof. We prove the case W.4;13/.n/ as the other cases are proved similarly.







/C 40560 3. n
13
/C 192 .13   6 n/ .n
4
/























































b8.n/   7488 b9.n/C 151016538432
147917
b10.n/
  27456 b11.n/   8224832431680
6064597















We then solve for W.4;13/.n/ to obtain the stated result.
4 Number of representations of a positive integer n by the
qctonary quadratic form usingW.˛;ˇ/.n/ when ˛ˇ D 44; 52
Let n 2 N0 and the number of representations of n by the quaternary quadratic form x21 Cx22 Cx23 Cx24 be denoted
by r4.n/. That means,
r4.n/ D card.f.x1; x2; x3; x4/ 2 Z4 j m D x21 C x22 C x23 C x24g/:
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We set r4.0/ D 1. For all n 2 N, the following Jacobi’s identity is proved in K. S. Williams’ book [30, Thrm 9.5, p.
83]
r4.n/ D 8.n/   32.n
4
/: (24)
Let furthermore the number of representations of n by the octonary quadratic form
a .x21 C x22 C x23 C x24/C b .x25 C x26 C x27 C x28/
be denoted by N.a;b/.n/. That means,
N.a;b/.n/ D card.f.x1; x2; x3; x4; x5; x6; x7; x8/ 2 Z8 j n D a .x21 Cx22 Cx23 Cx24/C b .x25 Cx26 Cx27 Cx28/g/:
We infer the following result:
Theorem 4.1. Let n 2 N and .a; b/ D .1; 11/; .1; 13/. Then









































We make use of Equation 24 to derive














































































Again, E. Royer [10, Thrm 1.3] has proved the evaluation of W.1;11/.n/.
We then put these evaluations together to obtain the stated result for N.1;11/.n/.
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Tables
Table 3. Exponents of -functions being basis elements of S4.0.44//
1 2 4 11 22 44
1 6 -2 0 6 -2 0
2 4 0 0 4 0 0
3 2 2 0 2 2 0
4 0 4 0 0 4 0
5 -2 6 0 -2 6 0
6 0 2 2 0 2 2
7 0 -3 5 0 5 1
8 0 0 4 0 0 4
9 3 0 1 -1 0 5
10 0 -2 6 0 -2 6
11 1 -3 4 -3 5 4
12 2 0 0 2 -4 8
13 0 2 0 0 -2 8
14 -3 9 0 1 1 0
15 0 0 2 0 -4 10
Table 4. Exponents of -functions being basis elements of S4.0.52//
1 2 4 13 26 52
1 1 5 0 3 -1 0
2 3 3 0 1 1 0
3 1 3 0 3 1 0
4 3 1 0 1 3 0
5 1 1 0 3 3 0
6 3 -1 0 1 5 0
7 1 -1 0 3 5 0
8 0 3 1 0 1 3
9 2 1 1 -2 3 3
10 0 1 1 0 3 3
11 2 -1 1 -2 5 3
12 0 3 -1 0 1 5
13 2 1 -1 -2 3 5
14 0 1 -1 0 3 5
15 -1 5 0 5 -1 0
16 0 -1 5 0 5 -1
17 7 -3 0 -3 7 0
18 0 7 -3 0 -3 7
Acknowledgement: I am indebtedly thankful to the anonynuous referee for fruitful comments and suggestions on
a draft of this paper.
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